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A BRIEF ACCOUNT OF H. GRASSMANN'S GEOMETRICAL THEORIES.* 
By Mr. Alexander Ziwf.t, Washington, D. C. 

I. The fundamental relations with respect to which objects are considered in 
mathematics are the relations of equality and inequality, of variability and con- 
stancy. 

If the objects under consideration are supposed to be invariable, two cases 
may be distinguished, corresponding respectively to the two branches of mathe- 
matics known as arithmetic and combinatory analysis. 

1. We may regard the primary objects or elements as equal to one another; 
they are then called units, and by bringing these units into aggregates we form 
numbers. 

2. We may regard the elements as differing from one another ; aggregates 
of such elements are called combinations. 

Thus, the units used in building up a number lose their individuality in the 
process, while in a combination the constituent elements remain distinct. The 
same units can form but one number, while from the same elements a variety of 
combinations may be derived. It thus becomes a fundamental law of arithmetic 

*The principal mathematical works of Hermann Grassmann are : 

1. Die lineale Ausdehnungslehre, etc. Leipzig, 1844. Reprinted in 1878 without material changes. 

2. Geometrische Analyse, etc. Leipzig, 1847. A prize-essay of the Jablonowski Society. 

3. Die Ausdehnungslehre vollstaendig und in strenger Form ' bearbeitet. Berlin, 1862. 

4. Numerous memoirs on special subjects, published between 1842 and 1877 in Crelle 's Journal, in the 
Math. Annalen, in Grunert's Archiv, and in the Goettingen Abhandlungen . One of these papers, 
"On the Essential Features of Grassmann's Extensive Algebra" (Grunert's Archiv, Vol. VI (1845), pp. 
337-350) was translated into English by Professor W. W. Beman, and appeared in the Analyst, Vol. 
VIII (i88l),pp. 96-7 and 114-124. 

It is the object of the present paper to give, in the simplest form possible, a succinct account of Grass- 
mann's mathematical theories and methods in their application to plane geometry. In the main, I have 
lollowed the presentation of the subject given by Victor Schlegel in his System der Raumlehre (2 Parts, 
Leipzig, 1872 and 1875), to which the student is referred for a fuller account than can here be attempted 
of a system of geometry based on Grassmann's methods. 
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that the order of aggregation, i. e. the arrangement of the elements in an 
aggregate, is immaterial. This commutative principle does not apply to the 
theory of combinations where the order of the elements is a distinctive feature 
of every form. 

II. In considering a variable object, in its successive states of variation, we 
may in a similar manner apply the notion of equality and inequality. 

i. In analysis, the various states of the primary object, here called variable 
quantity, are regarded as equal and are accordingly designated by the same 
symbol. Any form the relation of which to this variable remains unchanged 
while the latter varies, is a function. 

2. In the science of extension (which as applied to space bears the name of 
geometry), the various states of the element, say for instance, the various posi- 
tions of a moving point, are considered as different and are distinctly and indi- 
vidually exhibited in the resulting form, for instance in the line generated by the 
moving point. 

III. It is this distinction between the analytical and geometrical points of 
view which Grassmann seeks to emphasize by giving the name intensive magnitude 
to the variable quantity or function of analysis, and extensive magnitude to the 
variable object of geometry, or, more generally, of the "science of extension" 
(Ausdehnungslehre). 

It is characteristic of the intensive magnitude that although its various states 
are indicated by implication through the symbol that represents it, and may be 
derived from it, yet the individuality of these states is obliterated by the uni- 
formity of the symbol. In the extensive magnitude, on the other hand, all the 
states of variation remain distinct and different one from another ; they are, so to 
speak, crystallized in the resulting object. 

Of course these distinctions are not absolute. Ky gradual steps we may ef- 
fect the transition from number which originally is the representative of discrete 
quantity to the continuous quantity of what George Peacock has called "sym- 
bolical algebra." The same physical quantity may be regarded as an intensive 
as well as an extensive magnitude. Number, as Pascal has remarked, seems to 
imitate space though in itself of so widely different a nature. And, on the other 
hand, it has been pointed out by W. S. Jevons that the formation of the idea of 
number is not possible without the notion of diversity. 

IV. In the science of extension, then, we consider a variable object and re- 
gard its successive states of variation as differing from one another, and as exhib- 
ited distinctly and individually in the resulting form. 

Geometry, in Grassmann's view, is not a branch of pure mathematics, since 
it presupposes the idea of space, which does not originate in our mind but pre- 
sents itself as something in nature outside and independent of the thinking mind. 
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Geometry, therefore, requires certain axioms, i. e. propositions describing the 
nature of space. The nature of the necessary axioms of geometry which has 
lately awakened such wide interest and given rise to an extensive branch of 
mathematical literature, was discussed by Grassmann as early as 1844 in so sat- 
isfactory a manner that the most recent authors on the subject* have found 
hardly anything to add to Grassmann's results. Grassmann was one of the first 
to clearly establish the idea of //-dimensional space ; indeed, his science of ex- 
tension may be regarded as a complete system of non-Euclidean geometry. 
In what follows, however, I shall content myself with illustrating his theories 
through their application to ordinary geometry ; indeed I shall hardly ever pass 
beyond the narrow bounds of "Flatland," the home of Sylvester's celebrated two- 
dimensional book-worm. 

V. In applying the genera] notions of the science of extension to the rela- 
tions of space, we have to substitute for the general idea of variation the more 
special idea of motion, this being the kind of variation to which all spatial 
changes can be reduced and by which they may be represented. 

The simplest spatial relation is position ; its representative being the geo- 
metrical point. This, then, is the primary object, or element, which being sub- 
jected to spatial variation, i. e. motion, will produce geometrical objects of a more 
complicated type. 

In saying, then, that a moving point generates a line, a moving line a surface 
a moving surface space, we mean that all the various states of the generator are 
combined in thought into one idea, that of the object generated, without, how- 
ever, effacing the individuality of the elements. It follows that a surface, for in- 
stance, contains not only all the lines representing the various states passed 
through by the generating line, but at the same time all the points in every such 
line, these points representing the various states of the motion generating the 
line. 

VI. The character of a geometrical object is, therefore, determined by two 
circumstances : I. the nature of the generator; 2. the nature of the motion in- 
volved in the generation. 

The simplest generator is the point ; it has only one property: position. By 
subjecting it to motion we endow it with a new property: extension. Hence the 
resulting line has position and the extension generated by a single kind of mo- 
tion, i. e. it has one dimension. A line in moving acquires an additional exten- 
sion and becomes a surface characterized by the possession of position and two 
dimensions. Proceeding in the same way, we find space with three dimensions. 
Further we cannot go in ordinary geometry where we are confined to the con- 

*See, for instance, Erdmann, Die Axiome der Geometrie, Leipzig, 1877; and A. Donadt, Das tnath- 
ematischc Raumproblern und die geometrischen Axiome, Leipzig, 1881. 
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sideration of the properties of "flat" or " homaloidal " space. But it is obvious 
that the general science of extension is not subject to any such limitations. 

VII. Let us now see what are the principal characteristics of motion, and 
how these affect the generated objects. 

Motion may be limited or unlimited, and accordingly the objects generated 
through motion may be unbounded, i. e. infinite, partially bounded, or completely 
bounded. Bounded objects, whether completely or partially, are said to have 
magnitude ; the limits of the generating motion determine this magnitude. 

The motion of any geometrical object is characterized by its direction ; and 
the law according to which this direction changes from one state of the moving 
object to another state determines the form or shape of the generated object. 

If the direction of motion remains throughout the same, the motion is called 
simple. The totality of all the objects that can be generated by a simple motion 
in a given direction (and its opposite) constitutes what Grassmann calls a system 
or field (Gediet). Thus a straight line represents a system of the first rank or 
species (Stufe), as it contains all the points and segments that can be generated 
by a point moving in a given direction. If all the elements (points) of such a 
system of the first rank be subjected to a simple motion in a direction not con- 
tained in it, a system of the second rank, or a plane system, will be generated. 
Space thus appears to be a system of the third rank, since all its elements and all 
the objects contained in it may be generated by the simple motion of a system of 
the second rank. 

The generalization of these relations led Grassmann to some very remarka- 
ble propositions connecting the numbers expressing the rank of extensive mag- 
nitudes and those expressing the rank of the systems in which they are con- 
tained and which they have in common. Dr. H. Noth, in his Arithmetik der Lage 
(Leipzig, 1882), has taken these relations as the starting point of a new, purely 
geometrical calculus of position. 

VIII. In order to treat geometrical objects analytically, not through the in- 
direct method of co-ordinates, but directly, it became necessary to investigate the 
fundamental laws of algebraical operations, to determine how far these may with- 
out change be applied to extensive magnitudes and what modifications are re- 
quired to make such application possible. Grassmann's investigations of the 
fundamental laws of algebra which closely agree with the results reached by Sir 
William R. Hamilton are now accepted by all modern authors on this subject. 
It may suffice to refer to H. Hankel's treatise on complex numbers* and to Dr. E. 
Schrceder's Algebra.f 

THE SYSTEM OF THE POINT. 

IX. The geometrical characteristic of a point is its position. A moving 

* Theorie der complexen Zahlensysteme, etc.; Leipzig, 1867 
•\Lehrbuch der Arithmetik itnd Algebra ; Leipzig, 1873. 
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point changes its position; and two fixed points are geometrically distinguished 
by their different positions. Two or more points having the same position are 
therefore geometrically identical and must be designated by the same symbol, 
say e. All points having this position are said to belong to the system of this 
point. 

The points of a system being all objects of the same kind may be combined 
into groups by simple numeration. The aggregate 

(0 (2) («) 

e + e + • • • + e = <w = a 

is called a point-magnitude, or a multiple point. By means of the usual general- 
izations of algebra, we may extend this definition so as to embrace cases where 
a no longer designates a positive integer, but any real quantity, positive or nega- 
tive, integer or fractional, rational or irrational, in short, a scalar. 

We may now say that the system of the point e contains all the multiple 
points expressed by the symbol 

a = ue, 

where a may have any scalar value. The factor e, which may be called the geo- 
metrical unit of the system, is an extensive magnitude of zero dimensions ; hence 
also the multiple point a. The scalar coefficient a transforms the purely geomet- 
rical object e into a quantity which allows of algebraical treatment. This quan- 
tity ae is said to be of the first degree since it contains the unit e of the system 
only once. 

Any point of the system may be derived from any other point of the same 
system by multiplication with a scalar coefficient. Indeed, let a = ue, b = t 3e, be 
two points of the system e ; we evidently have 

a i i, ? 
a = -*o, 6= - a. 
(I a 

This may also be expressed by saying that 



fta = ub, or 



a 



i. e. any two points of the same system are connected by a homogeneous linear 
equation. 

The system of the point considered geometrically is of zero dimensions, 
while analytically it is a system of the first degree. In the terminology of Grass- 
mann, who carefully avoids the term "dimension" as conveying the idea of space, 
which, in his theory, is merely a special form of extension, the "rank" of the sys- 
tem of the point is said to be zero or one according to the point of view from 
which it is considered. 
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In the geometrical applications of the science of extension, with which 
alone I am concerned here, the use of the terms "dimension" and "degree" as de- 
fined above cannot be deemed objectionable ; it will, on the other hand, prevent 
any ambiguity likely to arise from the use of the word "rank" in two different 
meanings. 

THE SYSTEM OF THE STRAIGHT LINE. 

X. The straight line is generated by the simple motion of a point. It is, 
therefore, the simplest geometrical object of one dimension. 

From the generating point the line derives its position, so that all lines 
having a point in common may be said to have the same position. 

From the generating motion the line receives its second characteristic, viz. 
its direction. The idea of one direction, however, necessarily involves the idea of 
the opposite of this direction A straight line, therefore, represents two opposite 
directions. 

One point of a straight line determines its position. Two points are neces- 
sary and sufficient to completely determine the line, that is, to indicate its posi- 
tion and its two opposite directions. 

To distinguish between these two directions we shall make use of the order 
of the determining points, thus indicating by AB a motion from the point A to 
the point B, and by BA a motion from B to A. 

XI. The two points A and B determine not only the direction, but also the 
amount of the simple motion from one point to the other. It seems proper to 
designate this magnitude as a difference B — A since it expresses the difference 
in position of the two points, and, like an algebraical difference, changes its sign 
if the order of its elements is reversed. 

Although derived from somewhat different considerations, this magnitude is, 
in all essential respects, equivalent to Hamilton's vector, and I shall adopt this 
name. 

We have then for the vector the expression 

a = B — A = — (A — B), 

which evidently may be considered an abbreviation of the ordinary representa- 
tion of a segment of a straight line in the form of a difference of two abscissae 
counted from an origin in the same line, thus : — 

a = x b — x a = B — A. 

It follows at once that we can operate with such vectors just as if they were or- 
dinary algebraical differences. We have for instance, for any number of points 
in a straight line 

(B — A) + (C — B) + . . . + (N— M) = (N— A), 
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or (B — A) + (C— B) + . . . +(A— N) = o, 

where the parentheses may be omitted. 

If n points A,B, . . . N be given, we can always find one, and only one, point 
M such as to satisfy the condition 

{A — M) + (B — M) + . . . + (N—M) = o; 

whence n . M —A + B + . . . + N, 

or M=- k (A + B + ... . +JV). 

This point M is called the mean point or centre of the n given points. 

The expression n . M= A -f- B + . . . + N, or, in a more systematic no- 
tation, 

a? = e x + tfj + . . . + e„ 

leads again to the consideration of multiple points, i. e. points affected with co-ef- 
ficients. 

XII. If two points of a straight line are given, any other point of this line 
may be expressed as a homogeneous linear function of the given points. 

Indeed, let e l and e 2 be the given points, and e the point to be expressed ; we 
can always assign three scalars a, a„ a 2 , making 

ae = a x e x + a 2 e 2 , where a = « 1 + « 2 . 
— is evidently the ratio in which the point e divides the distance between e x and e 2 . 
Two points, a = a l e l + « 2 f 2 , b = /?,<?! + /3 2 ^ 2) coincide if 

o. 



A A 



A A' 

XIII. As we have seen, the expression 

a= ae =; a x e x + « 2 ^ 2 , where « = a x -f- « 2 , 

in general represents a point. If, however, the coefficient a. of e vanishes, that is, 
if we have a = a x + « 2 = o, the expression reduces to 

a = «; fo — *,) = « 2 (f 2 — ^), 

and represents a multiple vector (see Art. XI). The ratio « 2 : a v becoming in 
this case = — I , we see that the vector is in a certain sense equivalent to the 
point at infinity of the line. 

On the other hand, it is easily seen that any vector in a given line may be 
represensed in the form a = a x e x + a 2 e 2 , where a, + « 2 = o. Hence a homoge- 
neous linear function of two points represents a point or a vector according as 
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the sum of the co-efficients of the two points is different from or equal to zero. 

Points and vectors are, therefore, called magnitudes of the first degree. 

It is characteristic of the system of the straight line that in it any magni- 
tude of the first degree may be derived from any two such magnitudes. In 
other words, any three magnitudes of the first degree in the same system are con- 
nected by a homogeneous linear equation. 

Indeed, let a = a l e l -f- a 2 e 2 , b = ft x e x + /V2» c = T\ e \ + r/2 De tne three mag- 
nitudes. Eliminating e x , e 2 between these equations we obtain the relation 



*i "2 



= 0, 



a 

b ft A 

c T\ 1i 

which is linear and homogeneous in a, b, c. Any one of these magnitudes may, 
therefore, be expressed by the two others, i. e. the line is a system of the second 
degree. 

XIV. The product of two magnitudes of the first degree, 

a = a x e x + a 2 e 2 , b = /Vi + /V2. 

is ab *= «!/?! . e x e x + a x j3 2 . e x e 2 + a$ x . e 2 e x + a 2 /9 2 . e 2 e 2 , 

and its signification evidently depends upon the interpretation to be given to the 
products of simple points, such as e x e v e x e 2 , etc. 

These binary products of unit-points are to be regarded as units of the next 
higher degree. In Grassmann's system, the product e x e 2 is interpreted as repre- 
senting a segment of the straight line determined by the points e x and e 2 , equal 
in length and direction to the distance between these points. 

This linear segment e x e 2 , as I shall call it, differs from the vector e 2 — e x only 
in being confined to the line determined by e l and e 2 ; it is a localized vector, like 
Clifford's rotor, or spin. While two vectors are regarded as equal, whenever 
they are of equal length and direction, whether situated in the same line or in 
parallel lines, two segments will be called equal only if they are parts of the 
same line. The segment thus appears to be the true geometrical representative 
of a force in mechanics. 

If the points e x and e 2 coincide, the segment vanishes ; if they are inter- 
changed, the sign of the segment is reversed. Hence the fundamental laws to 
which the symbol e x e 2 is subject : — 

e x e x = o, e x e 2 = — e 2 e x . 

Such, then, are the equations of condition for the kind of multiplication ex- 
pressed by e x e 2 . Here, as in the theory of quaternions, the commutative princi- 
ple of algebraical or scalar multiplication is replaced by a law similar to that in 
the theory of determinants, where also the interchange of two contiguous ele- 
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ments reverses the sign of the result; on account of which characteristic this 
kind of multiplication has been called by R. F. Scott* polar multiplication. 
Professor J. Willard Gibbs, in his Vector Analysis, New Haven, 1 88 1-4, uses the 
name sknv multiplication, while Grassmann himself called it outer or external 
multiplication, giving as his reason that its products differ from zero only when 
the factors lie one outside of the other. 

XV. If we now apply the above fundamental laws of external multiplication 
to the expression of the product ab as stated at the beginning of the preceding 
article, we obtain 



ab = 0,/9 2 — « 2 /9,) e,e t = 



It is readily seen that 



ba = (,V 2 — M>i<2 



fli 1% 



fii i% 



W» 



\e 2 = — ab, 



o; 



i. e. the fundamental laws of external multiplication apply not only to unit-points 
but to magnitudes of the fitst degree in general. 
Either one of the two laws 

ab = — ba, aa = o, 

may easily be shown to be a consequence of the other. 

XVI. The product of any two magnitudes of the first degree, 



ab = 



ft A 



/'1 



<V2. 



always represents a segment. 

If a and b are both points, the segment ab vanishes only in the case 



A !% 



or «. : </.„ 



■ A '■ )%< 



that is, when the points coincide. 

If a and b are both vectors 'we have a { -\- « 2 = o, /9j -j- /? 2 = o ; hence 



ab = 



"1 


«2 




«1 + « 2 


"2 




A 


1% 


<V2 = 


A + A 


ft 


v 2 = 



o «. 

o 



a I -12 ' 



O; 



i. e. the product of two vectors in the same line vanishes. If a is a point and b 
a vector, we have /?, + A — ° \ hence 



*See his Treatise on Determinants, London, Cambri<lge, and Leipzig, 1880. 
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ab = 



a, -+- a, a,\ , , . . 

w* —\ ~ " o r '^ — ("i + "v iws- 

O p 2 I 



a, + a 2 a 2 

/?. A 

The special cases 

(e x — e 2 ) ex = e x e 2 , (e x — e 2 ) e 2 = e x e 2 

show that a segment may always be regarded as the product of a vector of equal 
length and direction into either of the end-points of the segment. 

XVII. Putting now e x e 2 = i, i. e. assuming a certain segment as unit of 
measure, we obtain a scalar expression for any segment of the system determined 
by e x and e 2 . 

In an ordinary algebraical product of the form e x e 2 = i, each factor is called 

the reciprocal of the other, and we write e x = — , or e x = e 2 — 1 . In the external 

e 2 

product e x e 2 = i, the factors of which are not interchangeable, the second factor, 
which is always regarded as the multiplier, is called by Grassmann the complement 
(Ergaenzung) of the first, in symbols 

^2 = I e x . 

And since e x e 2 = i = — e 2 e x , we have 

— ex=\e 2 ; 

whence, substituting for e 2 its value | e x , 

— e x = | e 2 = || e x . 

Thus the double application of the sign | reverses the algebraical sign of the 
quantity ; in this respect, it has the same effect as the factor i = \/ — i. 

Substituting e 2 = \ e x in e x e 2 — i, and — e x = | e 2 in — e 2 e x = i, we find 

e x | e x = i, e 2 \ e 2 = i ; 

multiplying | e 2 = — e x by ^, and | ^ = ^ 2 by e 2 , we obtain 

^1 I e 2 — — e x e x = o, e 2 \ e x = e 2 c 2 — o. 

The operation characterized by the laws 

e x | e 2 = o, <-! | Ci = i , 

is called by Grassmann inner or internal multiplication, since here the value of 
the product is different from zero only when the factors coincide. Professor 
Gibbs uses the name direct multiplication. 

To extend these definitions to magnitudes of the first degree in general, we 
define the complement, | a, of a = a x e x -\- a 2 e 2 by .means of the equation 

| a = a x | e x + a 2 | e 2 = u x e 2 — a^. 

If a = a x e x + a. 2 e 2 , b = /Vi + /V2 be any two magnitudes of the first degree, 
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we obtain as their internal product 

a\b = (a,e, + « 2 e 2 ) (^e. z — ,V,) 
= («i/9, + « 2 /3 2 ) <y 2 
= «i/3i + %? 2 . 

Similarly we find for the internal square 

a | a = a, 2 -f a 2 2 . 

[to be continued.] 



A COLLECTION OF FORMULAE FOR THE AREA OF A PLANE TRIANGLE. 
By Mr. Marcus Baker, Washington, D. C. 

[CONTINUED FROM VOL. I, PAGE 1 38.] 
GROUP II. PART I. 
J = 

32. \V&m? (a 2 +P — 2w c V^(« T =~^) 2 



35. \K{Va* - K + i/j» - AT) 

34. ^(l + Ij^i-ift'tl + i] 



35. ll/ 4 ^>« 2 - [K - K 2 + <)] 2 = \V~tkfrnf— k a 
where 2/£„ 2 = fa 2 — (;% 2 + w/), etc. 



h i *V t f-h t *-h*Vc?-h- 

3 2(A„ 2 -/; 2 ) 



37. #.(y 4 ^ 2 - V + »/W -V 2 ) 

38. ^«A„. 



39. ^V^MA = i y- 



1 
A„ — K 



